IB Math SL Notes			             REVIEW: NORMAL DISTRIBUTION
Unit 5 – Day 9

I. STANDARDIZED NORMAL DISTRIBUTION:
We can collect data, plot it all in a histogram, and connect the tops of each bar together with a smooth curve. If the data is NORMALLY DISTRIBUTED, then the curve will represent a bell shape. We use this “bell curve” to represent the probability/percent of each outcome hence area under the curve must = 1.
							History Tid-Bit:

[image: ][image: ]
Each bell curve approaches the x-axis asymptotically.
The graph of the normal distribution depends on two factors - the __________ and the ___________________________. 
[image: ]
When the standard deviation is large, the curve is short and wide; when the standard deviation is small, the curve is tall and narrow. All normal distributions look like a symmetric, bell-shaped curve, as shown here: [image: http://stattrek.com/images/normal2.gif][image: http://stattrek.com/images/normal1.gif]
[image: ]The curve on the left is shorter and wider than the curve on the right, because the curve on the left has a bigger standard deviation.

The most basic bell curve is given by and has the formula:  .
[image: https://encrypted-tbn0.google.com/images?q=tbn:ANd9GcTJSQI2Bpa3WZPugR5Lvut8NHPf77I141pCHbEiBMWFgEQZHn2rBA]
The following shows the % of data included within different standard deviations of the mean:
[image: http://1.bp.blogspot.com/_h0Qjiu1iUK8/TLwoCeTlabI/AAAAAAAAA8k/R84OnlOYXyk/s1600/bell_curve_dist.gif]
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Let’s say you want to find the area to the left of the mark for 1σ on a standard normal distribution (meaning that the mean = 0 and the standard deviation = 1), we can use the GDC.  The area is denoted by P(Z<1σ).  In the GDC:  2nd VARS 2: normalcdf(

To find:
· P(z ≤ a) or P(z < a)		use 	normalcdf (-(# bigger than 5), a)
· P(z ≥ a) or P(z > a)		use 	normalcdf (a, # bigger than 5)
· P(a ≤ z ≤ b) or P(a < z < b)	use	normalcdf (a, b)

Examples:
1.  Find P(Z < -1.65)			2.  Find P(Z > 0.72)		3.  Find P(-0.4 < Z < 1.1)



4.  Find P(Z > 0.34)			5.  Find P(Z ≤ 3)		6.  Find P(|Z| < 2.1)


II.  NORMAL DISTRIBUTION IN THE GDC:
[image: ]
[image: ]
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[image: ]
Examples (Note here the use of an X instead of a z):

Find the standardized value (z). 
7.  If X, find P(X <9.5)				8.  If X, find P(X >54.3)	





With our GDCs, it simply takes typing in a couple more numbers.

Type:  normalcdf (#, #, μ, σ)

Examples (to be done with GDC):
9.  If , find P(X > 40)			10.  If X, find P(58.5 ≤ X ≤ 71.8)
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No matter what the values of 1 and o are for a normal probability
distribution, the total area under the curve is always the same

and equal to 1. We can therefore consider partial areas under

the curve as representing probabilities

So in this normal distribution we could find the probability
P(X < 5) by finding the shaded area on the diagram.

Unfortunately the probability function (the equation of the
curve) for the normal distribution is very complicated and difficult

to use.
o

f(X)=

It would be too hard for us to use integration to find areas under this
curve! However, there are other methods we can use

Chapter 15
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Answer the following questions about normal distributions. Draw

sketches ilustrating your answers.

. What percentage of the values in a normal distribution lie above
the mean?

b. What percentage of the values in a normal distribution lie more
than two standard deviations from the mean?

. What percentage of the values in a normal distribution lie more
than two standard deviations above the mean?

d. What percentage of the values in a normal distribution lie more
than one standard deviation from the mean?
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‘The weights of babies of
a given age and gender are
approximately normally o
distributed. This fact allows

a doctor or nurse to use a
baby’s welght to find the
weight percentile to which the
child belongs. The table below
gives information about the

welghts of six-month-old
and twelve-month-old
baby boys.
Welghts of Baby Boys
Weight at Six Months  Weight at Twelve Months.
(in pounds) (in pounds)
Mean 1 17.25 2250
‘Standard Deviation o 20 22

Soue: T, e, ot Al Excasiors i Moo Mt Enewcd il ew s

P o 152

. On separate axes with the same scales, draw sketches that
represent the distribution of welghts for stx-month-old boys and
the distribution of welghts for twelve-month-old boys. How do the
distributions difer?

b. About what percentage of six-month-old boys welgh between
15.25 pounds and 19.25 pounds?

. About what percentage of twelve-month-old boys weigh more than
269 pounds?

d. A twelve-month-old boy who weighs 24.7 pounds is at what
percentile for welght? (Recall that a value x in a distribution lies at,
Say, the 27th percentlle if 27% of the values in the distribution are
less than or equal to x.)

. A stx-month-old boy who weighs 21.25 pounds s at what percentile?
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Probab s for other normal distributions

Clearly, however, very few real-life variables are distributed like the
standard normal distribution (with a mean of 0 and a standard
deviation of 1). But you can transform any normal distribution

X~ N(4, 0?) to the standard normal distribution, because all
normal distributions have the same basic shape but are merely shifts
in location and spread

To transform any given value of x on X ~ N (g, ¢?) to its equivalent
zvalue on Z ~ N(0, 1) use the formula

“u

-

z=

You can then use your GDC to find the required probability.

If X ~ N(u, 0?) then the transformed random variable Z
has a standard normal distribution.

[ Example 11
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@ Examine the table below, which gives information about the
helghs o young Americans aged 18 to 4. Each distribution is
approximately normal.

Helghts of American Young Adults (in inches)
Men  Women
Mean i 685 655
‘Standard Deviation o 27 25

. Sketch the two distributions. Include a scale on the horizontal axis.

b Alexis s 3 standard deviations above average in height. How tall
s she?

. Marvin i5 2.1 standard deviations below average in height. How
il s he?

d. Miguel fs 74° tall. How many standard deviations above average
height Is he?

. Jackle is 62" tall. How many standard deviations below average
height is she?

f. Marina is 68" tall. Steve i5 71" tall. Who is relatively taller for her
or his gender, Marina or Steve? Explain your reasoning.

‘The standardized value tells how many standard deviations a given value
lies from the mean of a distribution. For example, in Problem 1 Part b,
‘Alexis 15 3 standard deviations above average in height, so her standardized
height is 3. Similarly, in Problem 1 Part ¢, Marvin is 2.1 standard deviations
Delow average in height, so his standardized height is —2.1.

@ Lok more generaly at how standaraized values are computed.
a. Refer o Problem 1, Pans d and e. Compute the siandardized
Values for Miguers height and for Jackies hefgh.

b. Write a formula for computing the standardized value z of a
value x 1f you know the mean of the population ¢ and the
standard deviation of the population 0.
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nomCai(5, €999,10.2] eissz | the standardization formula, this
somearls 1,10.3,102) 023262 | is the quickest and most efficient

| method of answering this question.
But it is important to know the
method of standardization.

Enter lower limit, upper limit,

mean = 10, standard deviation = 2.

The random variable X ~ N(14, 5%).

Find

a P(X<16) b P(X>9) ¢ PO<X<12) d P(X<14)
The random variable X ~ N (48, 81)

Find

a P(X<52) b P(X242) ¢ P3T<X<47)

The random variable X ~ N(3.15, 0.022).
Find
a P(X<32) b P(X2311) ¢ PG.I<X<3.15)

Example 12

Eggs laid by a chicken are known to have the mass normally
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Given that Z~ N(0, 1) find
a P(-1<Z<1) b P(-2<Z<2) ¢ P(-3<Z<3)

Find the area under the standard normal curve:
a between 1 and 2 standard deviations from the mean
b between 0.5 and 1.5 standard deviations from the mean.

Find the area under the curve which is more than:
a 1 standard deviation above the mean
b 2.4 standard deviations above the mean.

Find the area under the curve that is less than
a 1 standard deviation below the mean
b 1.75 standard deviations below the mean.

Given that Z ~ N(0, 1) use the GDC to find
a P(Z<0.65) b P(Z>0.72) c P(Z=18)
d P(Z>-2) e P(Z<-0.28)

Given that Z~ N (0, 1) use the GDC to find
a P02<Z<12) b P(-2<Z<03) ¢ P(-13<Z<-03)

Given that Z ~ N(0, 1) use the GDC to find
a P(1Z] <0.4) b P(1Z] > 1.24)
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TYLE DUESTIONS
Houscholds in Portugal spend an average of €100 per weck on
roceries with a standard deviation of €20, Assuming that the
distribution of grocery expenditure follows a normal distributior
what is the probability of a household spending:

less than €130 per week

more than €90 per week

between €50 and €125 per vieek.
A machine produces bolts with diameters distributed normally
with a mean of 4mm and a standard deviation of 0.25mm
Bolts are measured accurately and any which are smaller than
3.5mm or bigger than 4.5 mm are rejected. Out of a baich of 500
bolts how many would be acceptable?
The length of time patients have to wait in Dr. Barrett's waiting
room is known to be normally distributed with mean 14 minutes

standard deviation 4 minues,
a Find the probability that I will have to wait more than 20

minutes to see the doctor.
b What proportion of patients wait less than 10 minutes?
Packets of ‘Flakey flakes' breakfast cereal are said to contain

0g The production of packets of ‘Flakey flakes' is such that
the masses are normally distributed with a mean of 551.3g, and
standard deviation 15 8. What proportion of packets will contain

more than the stated mass?

The mass of packets of washing powder is normally distributed
with a mean of 500g and standard deviation of 20g.
a Find the probabiliy that a packet chosen at random has a

mass of lss than 4
b Three packets are chosen at random. What is the probability
that all packets have a mass which is less than
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If more measurements were taken, a histogram plotted and the
midpoints of the tops of the bars joined with a curve, then it would

become more symmetrical and bell-shaped
until it would look like the curve shown. This
is a normal distribution.

The normal distribution is probably the most
important distribution in statistics, since it is a
suitable model for many naturally occurring
variables. These include the physical
attributes of people, animals and plants, and
even mass-produced items from factories. The
distribution could also be applied as an
approximation of, for example, student exam
scores, times to complete a piece of work,
reaction times, or IQ scores.

In each case

the curve is bell-shaped
it is symmetrical about the mean ()
the mean, mode and median are the same.

The Gaussian Curve

The normal curve is also called the “Gaussian
curve” after the German mathematician Carl
Friedrich Gauss (1777-1855). Gauss used the
normal curve to analyze astronomical data in
1809. In Germany, the portrait of Gauss, the
normal curve and its probability function appeared
on the old 10-Deutschmark note.

Although Gauss played an important role in
its history, the French statisticians Abraham de
Moivre (1667-1754) and Pierre-Simon Laplace
(1749-1827) were involved in much of the early
work. De Moivre developed the normal curve
mathematically in 1733 as an approximation
to the binomial distribution, although his paper
on this was not discovered until 1924 by Karl
Pearson. Laplace used the normal curve in 1783
to describe the distribution of errors, and in 1810
he proved an essential statistical theorem called
the Central Limit Theorem.
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The characteristics of any normal distribution
There is no single normal curve, but a family of curves, each one

defined by its mean, u, and standard deviation, o.

If a random variable, X, has a normal distribution with mean
pand standard deviation o, this is written X ~ N (1, 02)

1w and o are called the parameters of the distribution

The mean is the central point of the distribution and the standard
deviation describes the spread of the distribution. The higher the
standard deviation, the wider the normal curve will be.

1)

These three graphs show X, ~ N(5, 22).

X, ~N(10,2?) and X, ~ N(15, 2%)

The standard deviations are

all the same, so the curves are all the same
width but j, < g, < i,

These three graphs show X, ~ N(5, 12),
X, ~ N(5, 2%) and X, ~ N(5, 37). Here the

Remember that the
mean, 1, is the average,
and the standard
deviation, g, is
measure of spread

Note that in the
expression X ~ (g, 6?),
%5 the variance.
Remenmber that the
variance is the standard
deviation squared
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